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THE GAUSS-BONNET-CHERN MASS FOR GRAPHIC
MANIFOLDS
HAIZHONG LI, YONG WEI, AND CHANGWEI XIONG
Abstract. In this paper, we prove a positive mass theorem and Penrose-
type inequality of the Gauss-Bonnet-Chern mass m2 for the graphic
manifold with flat normal bundle.
1. Introduction
A complete manifold (Mn, g) is said to be asymptotically flat of order τ
if there is a compact set K such that M \K is diffeomorphic to Rn \BR(0)
for some R > 0 such that in this coordinate chart, the metric gij(x) satisifes
gij(x) = δij + σij ,
|σij |+ |x||∂kσij |+ |x|2|∂k∂lσij | = O(|x|−τ ).
The ADM mass was introduced by Arnowitt, Deser and Misner [1] for
asymptotically flat manifold.
m1 = mADM :=
1
2(n− 1)ωn−1 limr→∞
∫
Sr
(gij,i − gii,j)νjdS, (1.1)
where ωn−1 is the area of the standard (n − 1) dimensional unit sphere, Sr
is the Euclidean coordinate sphere, dS is the volume element on Sr induced
by the Euclidean metric and ν = r−1x is the outward normal of Sr in R
n.
Bartnik [2] proved that the ADM mass is well-defined and is a geometric
invariant for asymptotically flat manifold provided the order τ > n−22 .
The positive mass theorem and Penrose inequality for ADM mass are
two important results in differential geometry and general relativity. The
positive mass theorem states that the ADM mass is nonnegative on any
asymptotically flat manifold with order τ > n−22 and with nonnegative scalar
curvature, which was proved by Schoen-Yau [22, 23] for 3 ≤ n ≤ 7, Schoen-
Yau [24] for conformally flat manifold, Witten [25] for spin manifold, Lam
[19] for codimension one graphic manifold and Mirandola-Vito´rio [21] for ar-
bitrary codimension graphic manifold with flat normal bundle. The Penrose
inequality can be viewed as a generalization of the positive mass theorem
in the presence of an area minimizing horizon. When the asymptotically
flat manifold has nonnegative scalar curvature and has order τ > n−22 , the
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Penrose inequality gives the lower bound for the ADM mass of M in terms
of the area of the horizon Σ, precisely
mADM ≥1
2
(
|Σ|
ωn−1
)
n−2
n−1 .
The equality holds if and only if M is isometric to the Schwarzschild metric.
The Penrose inequality was proved by Huisken-Ilmanen [18] for n = 3 and
Σ is connected by using inverse mean curvature flow, Bray [4] for n = 3
and Σ has multiple components by using conformal flow, Bray-Lee [3] for
3 ≤ n ≤ 7, with the extra requirement that M is spin for the rigidity
statement. Lam [19] also proved the Penrose inequality for codimension
one graphic manifold. See also [16, 17, 8, 9] for related work. Recently,
Mirandola-Vito´rio generalized Lam’s result to arbitrary codimension graph
with flat normal bundle. The readers can refer to [5, 20] for surveys on the
the positive mass theorem and Penrose inequality.
Recall that the tensor P1 given by
P ijkl1 =
1
2
(gikgjl − gilgjk)
is closely related to the scalar curvature R. In fact, we have R = P ijkl1 Rijkl.
By using the tensor P1, one can also define a mass (see [12]), which is just
the ADM mass with a slightly different but equivalent form
m1 =
1
(n− 1)ωn−1 limr→∞
∫
Sr
P ijkl1 ∂lgjkνidS
=
1
2(n − 1)ωn−1 limr→∞
∫
Sr
(gik∂jgjk − gjk∂igjk)νidS. (1.2)
Recently, Ge-Wang-Wu [12] introduced a new mass, which they called
Gauss-Bonnect-Chern mass m2, by using the tensor P2 (in the following, we
will write P2 as P for simplicity).
P ijkl = Rijkl+Rjkgil−Rjlgik−Rikgjl+Rilgjk+ 1
2
R(gikgjl−gilgjk). (1.3)
Recall that the second Gauss-Bonnet curvature L2 satisfies L2 = P
ijkl
2 Rijkl.
Definition 1 ([12]). Let n ≥ 5. Suppose (Mn, g) is an asymptotically flat
manifold of decay order τ > n−43 , and the second Gauss-Bonnet curvature
given by L2 = P
ijklRijkl is integrable. Then the second Gauss-Bonnet-
Chern mass m2 is defined as
m2(g) = c2(n) lim
r→∞
∫
Sr
P ijkl∂lgjkνidS, (1.4)
where c2(n) =
1
2(n−1)(n−2)(n−3)ωn−1
.
In the same paper [12], Ge-Wang-Wu proved thatm2 is well-defined and is
a geometric invariant provided (M,g) is asymptotically flat of order τ > n−43 .
Then they asked the following natural question:
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Question 1 ([12]). Is the mass m2 nonnegative when the Gauss-Bonnet
curvature L2 is nonnegative? Does the Penrose inequality for m2 also hold?
In [12], Ge-Wang-Wu give an affirmative answer to these questions for
codimension one graphic manifolds. In the second paper, Ge-Wang-Wu [14]
answer the questions for conformally flat manifolds.
Inspired by Mirandola-Vito´rio’s new paper [21], we now consider the pos-
itive mass theorem and Penrose inequality of m2 for arbitrary codimension
graphic manifold. To state our theorems, we first give the following defini-
tion.
Definition 2. Let f : Rn → Rm be a smooth map and let fαi , fαij, fαijk
denote the first,second and third derivatives of f , where 1 ≤ i, j, k ≤ n and
1 ≤ α ≤ m. f is called asymptotically flat of order τ if
|fαi (x)|+ |fαij(x)||x|+ |fαijk(x)||x|2 = O(|x|−τ/2)
at infinity for some τ > (n− 4)/3.
Since the induced metric on the graph M = {(x, f(x))|x ∈ Rn} (see
section 2 for detail) is gij = δij + f
α
i f
α
j . We can easily check that M is
asymptotically flat of order τ .
Theorem 1 (Positive mass theorem). Let Mn ⊂ Rn+m be the graph of
an asymptotically flat map f : Rn → Rm endowed with the natural metric.
Then the second Gauss-Bonnet-Chern mass m2 of M is equal to
m2(g) =
1
2
c2(n)
∫
M
(L2 + L
⊥
2 )
1√
G
dµM , (1.5)
where L⊥2 is defined by (3.14) and it vanishes provided thatM has flat normal
bundle. In particular, if M has flat normal bundle and nonnegative L2
curvature, then m2 is nonnegative.
The second part of this paper considers the Penrose inequality for m2 in
the graphic case. We consider asymptotically flat manifold containing an
area outer minimizing horizon. A horizon is simply a minimal surface, which
is area outer minimizing if every other surface enclosing it has greater area.
We have
Theorem 2. Let Ω ⊂ Rn be a bounded open subset with Lipschitz boundary
∂Ω. Let f : Rn \ Ω → Rm be an asymptotically flat map. Assume that f is
constant along each connected component of Σ = ∂Ω. Let M be the graph
of f with its natural metric. Then
m2 =
1
2
c2(n)
∫
M
(L2 + L
⊥
2 )
1√
G
dµM + 3c2(n)
∫
Σ
(
|Df |2
1 + |Df |2 )
2H3dµΣ,
where |Df |2 = |Df1|2 + · · ·+ |Dfm|2 and H3 is the 3-th mean curvature of
the hypersurface Σ in Rn.
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If Σ is in the level set of f , then Σ can be identified with its graph
{(x, f(x))|x ∈ Σ}. Then the mean curvature Hˆ of f(Σ) in (M,g) and the
mean curvature H of Σ in Rn are related by (see section 4)
Hˆ =
1√
1 + |Df |2H.
Therefore if |Df(x)| → ∞ as x → Σ = ∂Ω, the graph of Σ is a horizon in
(M,g).
Theorem 3. Let Ω ⊂ Rn be an open subset. Let f : Rn \ Ω → Rm be
a continuous map that is constant along each connected component of the
boundary Σ = ∂Ω and asymptotically flat in Rn \ Ω¯. Assume that the graph
M of f extends C2 to its boundary ∂M . Assume further that along each
connected component Σi of ∂M , the manifold M¯ is tangent to the cylinder
Σ× li, where li is a straight line of Rm. Then
m2 =
1
2
c2(n)
∫
M
(L2 + L
⊥
2 )
1√
G
dµM + 3c2(n)
∫
Σ
H3dµΣ,
where H3 is the 3-th mean curvature of the embedding Σ in R
n.
The proof of Theorem 3 is just by checking |Df(x)| → ∞ as x→ Σ.
A hypersurface Σ ⊂ Rn is called 3-convex if its mean curvature H, 2-
th mean curvature H2 and 3-th mean curvature H3 are positive on Σ. As
in [19, 12, 17, 21], by applying the Alexandrov-Fenchel inequality due to
Guan-Li [15] to Theorem 3, we conclude that
Theorem 4 (Penrose inequality). Under the hypothesis of Theorem 3, and
we assume that M has nonnegative L2 and flat normal bundle. If each
connected component of the boundary Σ = ∂Ω is 3-convex and star-shaped,
then
m2 ≥ 1
4
(
|Σ|
ωn−1
)
n−4
n−1 . (1.6)
Moreover, the equality implies L2 vanishes identically on M and Σ is a
sphere.
The rest of this paper is organized as follows. In section 2, we give some
notations and basic formulas. In section 3, we first prove proposition 7
which is the key ingredient to prove our main theorems. The crucial step
of proving proposition 7 is checking that 12L
⊥
2 can be represented as normal
curvature terms. In the sections 4 and 5, we will use the similar idea of Ge-
Wang-Wu [12] to complete the proof of positive mass theorem and Penrose
inequality for m2. In the last section, we give a generalization of Ge-Wang-
Wu’s [13] result on Positive mass theorem and Penrose inequality in the
Einstein-Gauss-Bonnet gravity to arbitrary codimension graph.
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2. Preliminaries
Recall that on a complete Riemannian manifold (M,g), the Gauss-Bonnet
curvature L2 is defined as
L2 = P
ijklRijkl, (2.1)
where the (0,4) tensor P is given by (1.3). Note that P has the same
symmetric property as the Riemannian curvature tensor, i.e.,
P ijkl = −P jikl = −P ijlk = P klij. (2.2)
P also satisfies the divergence-free property (cf. [12, 7]), i.e.,
∇iP ijkl = ∇jP ijkl = ∇kP ijkl = ∇lP ijkl = 0. (2.3)
We now supposeM = {(x, f(x))|x ∈ Rn} is the graph of a smooth asymp-
totically flat map f : Rn → Rm. The vectors ∂i = (ei, fαi eα) are tangential
and the vectors ηα = (−Dfα, eα) are normal to M . In this paper, we will
use the convention on the indices:
1 ≤ i, j, k, l, · · · ≤ n and 1 ≤ α, β, γ, µ, ν, · · · ≤ m.
The induced metric on M is
gij = δij + f
α
i f
α
j .
We will denote the matrix U by (cf.[21])
Uαβ = 〈ηα, ηβ〉 = δαβ + 〈Dfα,Dfβ〉,
with the inverse matrix Uαβ . Then
δγβ = U
γβ + Uαγ〈Dfα,Dfβ〉,
gij = δij − fαi fβj Uαβ .
Denote fα, α = 1, · · · ,m the components of f . The gradient of fα :M → R
is
∇fα = gjkfαk ∂j = Uαγfγi ∂i.
The shape operator Aα with respect to ηα
Aα∂i = −(∇¯∂iηα)⊤ = fαikgkj∂j. (2.4)
Therefore
〈Aµ∂i, Aγ∂k〉 = glrfµilfγkr and fαik = 〈Aα∂i, ∂k〉. (2.5)
The shape operator is symmetric:
〈AαX,Y 〉 = 〈X,AαY 〉, 1 ≤ α ≤ m (2.6)
for any tangent X,Y . The second fundamental form
B(∂i, ∂j) = 〈Aα∂i, ∂j〉Uαβηβ = fαijUαβηβ. (2.7)
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Lemma 5. The curvature tensor Rijkl, the Gauss-Bonnet curvature L2 and
the Christoffel symbols Γkij have the following expressions:
Rijkl =U
αβ(fαikf
β
jl − fαil fβjk),
L2 =P
ijklRijkl = 2P
ijklUαβfαikf
β
jl,
Γkij =U
αβfαk f
β
ij.
Proof. By Gauss equation, we have
Rijkl =〈B(∂i, ∂k), B(∂j , ∂l)〉 − 〈B(∂i, ∂l), B(∂j , ∂k)〉
=Uαβ(fαikf
β
jl − fαilfβjk).
The Gauss-Bonnet curvature L2
L2 = P
ijklRijkl =P
ijklUαβ(fαikf
β
jl − fαil fβjk)
=2P ijklUαβfαikf
β
jl.
By the definition of Γkij ,
Γkij =
1
2
gkl(∂igjl + ∂jgil − ∂lgij)
=gklfγijf
γ
l
=(δkl − fαk fβl Uαβ)fγijfγl
=fγijf
γ
k − fαk fγijfγl fβl Uαβ
=fγijf
γ
k − fαk fγij(δαγ − Uαγ)
=fαk f
γ
ijU
αγ .

The commutation of shape operators gives the normal curvature operator
R⊥αβ : TM → TM ,
R⊥αβ(X) =(A
βAα −AαAβ)X. (2.8)
Thus,
〈R⊥αβ(X), Y 〉 =〈(AβAα −AαAβ)X,Y 〉
=〈AαX,AβY 〉 − 〈AβX,AαY 〉
for any tangent X,Y and any 1 ≤ α, β ≤ m. The Ricci operator Rc : TM →
TM is given by
〈Rc(X), Y 〉 =Ric(X,Y ), (2.9)
which is symmetric in X and Y . We have the following lemma about the
commutation of the Ricci operator Rc and shape operator Aα.
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Lemma 6. The Ricci operator Rc and shape operator Aα commutes as
following:
AαRc−RcAα = Uµν((TrAµ)R⊥να +R⊥αµAν +AµR⊥αν). (2.10)
Proof. By (2.8) and the definition of Ricci operator, we have
AαRc−RcAα =Uµν (Aα((TrAµ)Aν −AµAν)− ((TrAµ)Aν −AµAν)Aα)
=UµνTrAµ(AαAν −AνAα) + Uµν(AµAνAα −AαAµAν)
=Uµν(TrAµ)R⊥να + U
µν
(
Aµ(AαAν +R⊥αν)−AαAµAν
)
=Uµν(TrAµ)R⊥να + U
µν(R⊥αµA
ν +AµR⊥αν),
which gives the commutation formula (2.10). 
In the rest of the paper, we will denote the right-hand side of (2.10) by
T⊥α .
3. Positive mass theorem for m2
We first prove the following proposition, which is a key ingredient for
proving our theorems.
Proposition 7.
∂i(P
ijkl∂lgjk) =
1
2
L2 +
1
2
L⊥2 , (3.1)
where L⊥2 can be expressed as some normal curvature terms (see (3.14) for
the explicit expression). In particular, when the graphM of f has flat normal
bundle, we have
∂i(P
ijkl∂lgjk) =
1
2
L2. (3.2)
Remark 3.1. The equation (3.2) was shown by Ge-Wang-Wu in [12, lemma
4.3] for the hypersurface graph case, i.e., f : Rn → R andM = {(x, f(x))|x ∈
R
n} is a hypersurface in Rn+1. Equation (3.2) was the key ingredient to show
the positive mass theorem for m2 in the hypersurface graph case.
Proof.
∂i(P
ijkl∂lgjk) =∂iP
ijkl∂lgjk + P
ijkl∂i∂lgjk.
By the symmetric property (2.2) of P ijkl, the second term is equal to:
P ijkl∂i∂lgjk =P
ijkl(fαijlf
α
k + f
α
jlf
α
ik + f
α
jif
α
kl + f
α
j f
α
kil)
=P ijklfαjlf
α
ik. (3.3)
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By the divergence-free property (2.3) of P ijkl and (2.2), the first term:
∂iP
ijkl∂lgjk
=(∇iP ijkl − P sjklΓiis − P isklΓjis − P ijslΓkis − P ijksΓlis)∂lgjk
=− P ijkl(Γsis∂lgjk + Γsik∂lgjs + Γsil∂sgjk)
=− P ijkl
(
Γsis(f
α
jlf
α
k + f
α
j f
α
kl) + Γ
s
ik(f
α
jlf
α
s + f
α
j f
α
sl) + Γ
s
il(f
α
jsf
α
k + f
α
j f
α
ks)
)
=− P ijkl(Γsikfαjlfαs + Γsisfαjlfαk + Γsilfαjsfαk )
=I + II
where
I =− P ijklΓsikfαjlfαs
II =− P ijkl(Γsisfαjlfαk + Γsilfαjsfαk ).
We will first calculate I:
I =− P ijklΓsikfαjlfαs
=− P ijklUβγfβs fγikfαjlfαs
=P ijklfγikf
α
jlU
βγ〈Dfβ,Dfα〉
=P ijklfγikf
α
jl(U
αγ − δαγ)
=P ijklfγikf
α
jlU
αγ − P ijklfαikfαjl
=
1
2
L2 − P ijklfαikfαjl. (3.4)
Thus we have
∂i(P
ijkl∂lgjk) =
1
2
L2 +
1
2
L⊥2 (3.5)
where
1
2
L⊥2 = II =− P ijkl(Γsisfαjlfαk + Γsilfαjsfαk )
=P ijkl(Uβγfβs f
γ
jsf
α
il f
α
k − Uβγfβs fγilfαjsfαk )
=P ijklUβγfβs f
α
k (f
γ
jsf
α
il − fγilfαjs). (3.6)
For simplicity, we denote
Tijkl =U
βγfβs f
α
k (f
γ
jsf
α
il − fγilfαjs)
=fαk (〈Aγ∂j ,∇fγ〉〈Aα∂i, ∂l〉 − 〈Aα∂j ,∇fγ〉〈Aγ∂i, ∂l〉) . (3.7)
Note that in general, Tijkl has no symmetric property. In the following five
lemmas, we will calculate 12L
⊥
2 = P
ijklTijkl explicitly. Recall that
P ijkl = Rijkl +Rjkgil −Rjlgik −Rikgjl +Rilgjk + 1
2
R(gikgjl − gilgjk).
In the following calculation, we will use (2.6),(2.8),(2.9) and (2.10) many
times.
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Lemma 8. We have
RijklTijkl
=Uµν〈
(
Aµ(AνR⊥αγ +R
⊥
νγA
α −R⊥ναAγ) + Tr(AαAµ)R⊥γν
)
∇fα,∇fγ〉
(3.8)
Proof. From lemma 5, we get
Rijkl = Uµν(fµmnf
ν
th − fµmhf νtn)gmignkgjtghl.
We have
Uµνfµmnf
ν
thg
mignkgjtghlTijkl
=UµνgnkghlUβγfβs f
α
k
(
〈Aγ∂s, Aν∂h〉〈Aα∂l, Aµ∂n〉 − 〈Aα∂s, Aν∂h〉〈Aγ∂l, Aµ∂n〉
)
=Uµνghl
(
〈Aγ∇fγ , Aν∂h〉〈Aα∂l, Aµ∇fα〉 − 〈Aα∇fγ , Aν∂h〉〈Aγ∂l, Aµ∇fα〉
)
=Uµν
(
〈AαAνAγ∇fγ, Aµ∇fα〉 − 〈AγAνAα∇fγ , Aµ∇fα〉
)
(3.9)
Further more, the commutation of shape operator gives the normal curvature
terms.
〈AαAνAγ∇fγ , Aµ∇fα〉 − 〈AγAνAα∇fγ, Aµ∇fα〉
=〈(AνAα +R⊥να)Aγ∇fγ, Aµ∇fα〉
− 〈(AνAγ +R⊥νγ)Aα∇fγ, Aµ∇fα〉
=〈(AνR⊥γα +R⊥ναAγ −R⊥νγAα)∇fγ, Aµ∇fα〉
We conclude that the quantity (3.9) is equal to
(3.9) =〈UµνAµ
(
AνR⊥γα +R
⊥
ναA
γ −R⊥νγAα
)
∇fγ,∇fα〉.
Finally
− Uµνfµmhf νtngmignkgjtghlTijkl
=UµνgnkghlUβγfβs f
α
k
(
〈Aγ∂l, Aµ∂h〉〈Aα∂s, Aν∂n〉 − 〈Aα∂l, Aµ∂h〉〈Aγ∂s, Aν∂n〉
)
=Uµνghl
(
〈Aγ∂l, Aµ∂h〉〈Aα∇fγ, Aν∇fα〉 − 〈Aα∂l, Aµ∂h〉〈Aγ∇fγ , Aν∇fα〉
)
=Uµνghl〈Aα∂l, Aµ∂h〉 (〈Aγ∇fα, Aν∇fγ〉 − 〈Aγ∇fγ, Aν∇fα〉)
=UµνTr(AαAµ)〈R⊥γν(∇fα),∇fγ〉.

Lemma 9. We have
RjkgilTijkl =〈(TrAα)T⊥γ ∇fα,∇fγ〉. (3.10)
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Proof. Recall
RjkgilTijkl
=Rjkfαk (〈Aγ∇fγ , ∂j〉TrAα − 〈Aα∇fγ , ∂j〉TrAγ)
=TrAα (〈Aγ∇fγ, Rc(∇fα)〉 − 〈Aγ∇fα, Rc(∇fγ)〉)
=TrAα (〈∇fγ , AγRc(∇fα)〉 − 〈∇fα, AγRc(∇fγ)〉)
=TrAα
(
〈∇fγ, RcAγ(∇fα) + T⊥γ ∇fα〉 − 〈∇fα, AγRc(∇fγ)〉
)
=TrAα〈∇fγ , T⊥γ ∇fα〉.

Lemma 10. We have
−RjlgikTijkl =− 〈
(
RcR⊥αγ + T
⊥
γ A
α +AαT⊥γ
)
∇fα,∇fγ〉. (3.11)
Proof.
RjlgikTijkl
=Rjl (〈Aγ∇fγ, ∂j〉〈Aα∇fα, ∂l〉 − 〈Aα∇fγ, ∂j〉〈Aγ∇fα, ∂l〉)
=〈Aα∇fα, RcAγ(∇fγ)〉 − 〈Aγ∇fα, RcAα(∇fγ)〉
=〈∇fα, AαRcAγ(∇fγ)〉 − 〈RcAγ∇fα, Aα∇fγ〉
=〈∇fα, (RcAα + T⊥α )Aγ(∇fγ)〉
− 〈(AγRc− T⊥γ )∇fα, Aα∇fγ〉
=〈Rc∇fα, R⊥γα∇fγ〉+ 〈∇fα, T⊥α Aγ(∇fγ)〉+ 〈T⊥γ ∇fα, Aα∇fγ〉

Lemma 11. We have
−RikgjlTijkl =− 〈RcR⊥αγ∇fα,∇fγ〉. (3.12)
Proof.
RikgjlTijkl
=Rikfαk (〈Aγ∇fγ , Aα∂i〉 − 〈Aα∇fγ, Aγ∂i〉)
=Rikfαk 〈(AαAγ −AγAα)∇fγ , ∂i〉
=〈R⊥γα∇fγ, Rc(∇fα)〉
=〈RcR⊥αγ∇fα,∇fγ〉.

Lemma 12. We have(
Rilgjk +
1
2
R(gikgjl − gilgjk)
)
Tijkl
=
1
2
R〈R⊥αγ(∇fα),∇fγ〉. (3.13)
GAUSS-BONNET-CHERN MASS FOR GRAPHIC MANIFOLDS 11
Proof of lemma 12. We calculate as following:
gjkTijkl
=〈Aα∂i, ∂l〉〈Aγ(∇fα),∇fγ〉 − 〈Aγ∂i, ∂l〉〈Aα(∇fα),∇fγ〉
=〈Aγ∂i, ∂l〉 (〈Aα(∇fα),∇fγ〉 − 〈Aα(∇fγ),∇fα〉)
=0,
and
gikgjlTijkl
=gjl (〈Aγ∂j,∇fγ〉〈Aα(∇fα), ∂l〉 − 〈Aα∂j ,∇fγ〉〈Aγ(∇fα), ∂l〉)
=〈Aα(∇fα), Aγ(∇fγ)〉 − 〈Aγ(∇fα), Aα(∇fγ)〉
=〈R⊥αγ(∇fα),∇fγ〉.
Then the lemma follows easily. 
Finally, from lemma 8 to lemma 12, we get that
1
2
L⊥2 =U
µν〈
(
Aµ(AνR⊥αγ +R
⊥
νγA
α −R⊥ναAγ) + Tr(AαAµ)R⊥γν
)
∇fα,∇fγ〉
− 〈
(
2RcR⊥αγ + T
⊥
γ A
α +AαT⊥γ
)
∇fα,∇fγ〉
+ 〈(TrAα)T⊥γ ∇fα,∇fγ〉+
1
2
R〈R⊥αγ(∇fα),∇fγ〉. (3.14)
We complete the proof of Proposition 7. 
Remark 3.2. From the above proof, we can also derive that
∂i(P
ijkl
1 ∂lgjk) =
1
2
R+
1
2
R⊥, (3.15)
where R⊥ = 〈R⊥αγ(∇fα),∇fγ〉.
Proof of Theorem 1. From proposition 7 and the divergence theorem, we
have
m2 = lim
r→∞
c2(n)
∫
Sr
P ijkl∂lgjkνidSr
=c2(n)
∫
Rn
∂i(P
ijkl∂lgjk)dµRn
=
c2(n)
2
∫
Rn
(L2 + L
⊥
2 )dµRn
=
c2(n)
2
∫
Rn
(L2 + L
⊥
2 )
1√
G
dµM .
The last equality is due to the fact that
dµRn =
1√
G
dµM ,
where G is the determinant of the metric (gij). 
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4. The proof of Theorem 2
The proof of Theorem 2 is similar as in [12] with a slight modification.
For convenience of readers, we give a complete proof. By the equation (3.1),
integrating by parts gives that
m2 =
1
2
c2(n)
∫
M
(L2 + L
⊥
2 )
1√
G
dµM − c2(n)
∫
Σ
P ijkl∂lgjkνidµΣ
=
1
2
c2(n)
∫
M
(L2 + L
⊥
2 )
1√
G
dµM − c2(n)
∫
Σ
P ijklfαljf
α
k νidµΣ,
where ν is the inward normal of Σ.
By assumption each connected component of Σ is a level set of fα, we
know that in Σ
Dfα = 〈Dfα, ν〉ν.
Thus if we rotate the coordinates such that ν = −e1 at a given point in
Σ, then at that point there hold
fαa = 0 and f
α
ab = Aab|Dfα| = Aab|fα1 |, (4.1)
where Aab is the second fundamental form of the isometric embedding (Σ, h)
into the Euclidean space Rn with h the induced metric on Σ. In this sec-
tion, we use the convention that {a, b, c, · · · } stand for {2, 3, · · · , n} and
{j, k, l, · · · } stand for {1, 2, · · · , n}.
Moreover, the nonzero components of the metric g of M are
g11 = 1 + |Df |2, gaa = 1,
g11 =
1
1 + |Df |2 , and g
aa = 1.
Using the expression of P ijkl, we have
P ijklfαljf
α
k νi =R
ijklfαljf
α
k νi +R
jkgilfαljf
α
k νi
−Rjlgikfαljfαk νi −Rikgjlfαljfαk νi
+Rilgjkfαljf
α
k νi +
1
2
R(gikgjl − gilgjk)fαljfαk νi
=I + II + III + IV + V + V I.
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Now we calculate these six terms as follows.
I = R1a1bfαabf
α
1 ν1 = −R1a1bAab(fα1 )2 = −R1a1bAab|Df |2,
II = R1ag11fα1af
α
1 ν1 = −R1afα1a
|fα1 |
1 + |Df |2 ,
III = −Rjlg11fαljfα1 ν1
= (2R1lfα1l +R
abAab|fα1 | −R11fα11)
|fα1 |
1 + |Df |2 ,
IV = −R11gjlfαljfα1 ν1 = R11(H|Df |2 +
fα11|fα1 |
1 + |Df |2 ),
V = R1lg11fα1lf
α
1 ν1 = −R1lfα1l
|fα1 |
1 + |Df |2 ,
V I =
1
2
R(g11gjlfαljf
α
1 ν1 − g1lg1jfαljfα1 ν1)
= −1
2
RH
|Df |2
1 + |Df |2 ,
where H is the mean curvature of embedding (Σ, h) in Rn. Putting these
together, we obtain
P ijklfαljf
α
k νi =−R1a1bAab|Df |2 +R11H|Df |2
+RabAab
|Df |2
1 + |Df |2 −
1
2
RH
|Df |2
1 + |Df |2 . (4.2)
Since Σ is the level set of f , we can identify Σ with its graph. Thus (Σ, h) is
also an isometric embedding in (M,g). Denote A˜ab the second fundamental
form of the embedding (Σ, h) →֒ (Mn, g). Then a direct calculation gives
that
A˜ab =
1√
1 + |Df |2Aab. (4.3)
Remark 4.1. From the above formula, we can see that if |Df | = +∞ on Σ,
then Σ is area-minimizing horizon . In the next section, we will show that
under the condition of Theorem 3, |Df | = +∞ on Σ.
Denote R̂m the Riemannian curvature of Σ. Then by the Gauss equation
we obtain
Rˆabcd = AacAbd −AadAbc
and also
Rˆabcd = Rabcd + A˜acA˜bd − A˜adA˜bc.
Thus
Rabcd =
|Df |2
1 + |Df |2 Rˆ
abcd. (4.4)
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Now we can write down
R11 = Ra1a1gaa
= Ra1a1,
Rab = Racbdgcd +R
a1b1g11
= Racbc +Ra1b1(1 + |Df |2),
R = R11g11 +R
abgab
= 2R1a1a(1 + |Df |2) +Racac.
Plugging these terms into (4.2), we have
P ijklfαljf
α
k νi = −R1a1bAab|Df |2 +Ra1a1H|Df |2
+ (Racbc +Ra1b1(1 + |Df |2))Aab |Df |
2
1 + |Df |2
− 1
2
(2R1a1a(1 + |Df |2) +Racac)H |Df |
2
1 + |Df |2
=
|Df |2
1 + |Df |2 (R
acbcAab − 1
2
HRabab)
= (
|Df |2
1 + |Df |2 )
2(Rˆab − 1
2
Rˆhab)Aab
= −3( |Df |
2
1 + |Df |2 )
2H3,
which completes the proof of Theorem 2.
5. The proofs of Theorem 3 and Theorem 4
Proof of Theorem 3. Since M extends to the boundary in a C2 fashion, the
limit lim
x→∂Ω
|Df |2 exists (could be +∞). In fact, we claim that under the
condition of Theorem 3, the limit
lim
x→∂Ω
|Df |2 = +∞. (5.1)
To prove this claim, we fix a point p ∈ ∂Ω. Suppose on the contrary that
lim
x→p
|Df |2 < +∞. At the point p, as in the last section, we can rotate the
coordinates such that {e2, · · · , en} forms the basis of the tangent space TpΣ.
Now by composing an orthogonal transformation of Rm with f : Rn\Ω→
R
m, we can assume that the straight line l = {(0; te1) ∈ Rn+m|t ∈ R}
without loss of generality. Since the manifold M¯ is tangent to the cylinder
Σ× l, we know that {(0; e1), (e2; 0), · · · , (en; 0) ∈ Rn+m} is a basis of TpM .
On the other hand, recall that at any point where |Df |2 < +∞, i.e. fαi
is finite, {∂i = (ei; fαi eα) ∈ Rn+m} is another basis of TpM . But these two
bases of TpM can not be represented mutually, which is a contradiction.
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Therefore, we prove the claim (5.1). From this claim, Theorem 3 follows
immediately. 
Proof of Theorem 4. Assume each connected component Σi of the boundary
∂Ω is 3-convex and star-shaped, the Alexandrov-Fenchel ienquality [15] (see
also [6]) gives that
3c2(n)
∫
Σi
H3dµΣi ≥
1
4
(
|Σi|
ωn−1
)
n−4
n−1 . (5.2)
The equality holds if and only if Σi is a sphere. Recall that for nonnegative
numbers a1, · · · , ak and 0 ≤ β ≤ 1, we have the following algebraic inequality
(see [17])
k∑
i
aβi ≥ (
k∑
i
ai)
β. (5.3)
If 0 ≤ β < 1, the equality holds if and only if at most one of ai is nonzero.
Thus by summing (5.2), we obtain that
3c2(n)
∫
Σ
H3dµΣi ≥
∑
i
1
4
(
|Σi|
ωn−1
)
n−4
n−1
≥1
4
(
|Σ|
ωn−1
)
n−4
n−1
Combining with Theorem 3, we get the Penrose inequality (6.5). Moreover,
if the equality holds, we have that the second Gauss-Bonnet curvature L2
vanishes onM and Σ has only one connected component and is a sphere. 
6. Positive mass theorem and Penrose inequality in
Einstein-Gauss-Bonnet gravity
In [13], Ge-Wang-Wu obtained a positive mass theorem for asymptotically
flat codimension one graph under the condition R+αL2 ≥ 0 and a Penrose
type inequality in the case α > 0, where α is a constant. In this section, we
give a generalization of their result to arbitrary codimension graph.
Let n ≥ 4 and (Mn, g) be an asymptotically flat manifold of decay order
τ > n−22 and R + αL2 is integrable in (M,g). The Einstein-Gauss-Bonnet
mass energy is defined by ([13], see also [10, 11])
mEGB =
1
(n− 1)ωn−1 limr→∞
∫
Sr
(P ijkl1 + αP
ijkl
2 )∂lgjkνidS. (6.1)
Ge-Wang-Wu [13] proved that mEGB is well-defined and is a geometric in-
variant on M .
Theorem 13 (Positive mass theorem). Suppose (Mn, g) is a graph of a
smooth asymptotically flat map f : Rn → Rm of order τ > n−22 . Then we
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have
mADM = mEGB =
1
2(n − 1)ωn−1
∫
M
(R+ αL2 +R
⊥ + αL⊥2 )
1√
G
dµM ,
where R⊥ = 〈R⊥αγ(∇fα),∇fγ〉 and L⊥2 is expressed as in (3.14). In par-
ticular, when M has flat normal bundle as a submanifold of Rn+m and
R+ αL2 ≥ 0, we have
mADM ≥ 0. (6.2)
Proof. Since n−22 >
n−4
2 , under the condition τ >
n−2
2 , we have
lim
r→∞
∫
Sr
P ijkl2 ∂lgjkνidS = limr→∞
O(r−2τ+n−4) = 0.
Thus mADM = mEGB. From the proof of Proposition 7, one can also get
∂i(P
ijkl
1 ∂lgjk) =
1
2
R+
1
2
R⊥. (6.3)
Therefore
∂i((P
ijkl
1 + αP
ijkl
2 )∂lgjk) =
1
2
(R+ αL2 +R
⊥ + αL⊥2 ). (6.4)
The rest of the proof is similar as Theorem 1, which we omit here. 
Similarly as in section 4 and section 5, we can prove
Theorem 14 (Penrose inequality). Let Ω ⊂ Rn be an open subset. Let
f : Rn \Ω→ Rm be a continuous map that is constant along each connected
component of the boundary Σ = ∂Ω and asymptotically flat in Rn \ Ω¯ of
order τ > n−22 . Assume that the graph M of f extends C
2 to its boundary
∂M . Assume further that along each connected component Σi of ∂M , the
manifold M¯ is tangent to the cylinder Σ × li, where li is a straight line of
R
m. Then
mADM =
1
2(n− 1)ωn−1
∫
M
(R+ αL2 +R
⊥ + αL⊥2 )
1√
G
dµM
+
1
2(n − 1)ωn−1
∫
Σ
(H + 6αH3)dµΣ,
where H and H3 are mean curvature and the 3-th mean curvature of the
embedding Σ in Rn. Moreover, if M has nonnegative R + αL2 and flat
normal bundle, each connected components of the boundary Σ = ∂Ω is 3-
convex and star-shaped, α ≥ 0, then
mADM ≥1
2
(
|Σ|
ωn−1
)
n−2
n−1 +
α
2
(n− 2)(n − 3)( |Σ|
ωn−1
)
n−4
n−1 . (6.5)
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